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What is statistical recognition?

What is pattern? 模式是被人类感知和理解的实体，无确
切定义。

There are a number of patterns. 

Some examples: 

Palmprint Fingerprint              QR code            License plate no.               Face         
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 What is statistical recognition?
What is recognition? 识别是指模式（patterns）被人类判定
（discriminate）为某种熟悉或已知的类别。
Two types of recognition:
Classification(分类): 
将某种未知（unknown）的模式赋予已知(known)的类
（label）。

Clustering(聚类): 
将未知（unknown）类别的一组模式，根据某种相似性度量，
对相似模式进行聚集。
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 Examples

Classification(分类): 

将某种未知（unknown）的模式赋予已知(known)的类
（label）。

pattern

Clustering(聚类): 

将未知（unknown）类别的一组模式，根据某种相似性度量，
对相似模式进行聚集。

patterns

or

category

Clusterin

g
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 Classification vs. Regression
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What is statistical recognition?

统计识别（或模式识别）是指通过处理和分析某种事物
或现象带来的信息，从而实现对事物或现象进行解析、
识别、分类的过程。

An important part in Artificial Intelligence (AI)!
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What is statistical recognition?

从实现上，统计识别（或模式识别）的过程是机器对已
知或未知事物进行感知（perceive）、分析（analysis）
和识别（recognition）的过程。

It also gives intelligence (but not wisdom) to machine (AI)!

机器智能具有模仿人的某种行为的能力，但不同于智慧（自我推理）。
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 What is statistical recognition?

感知（perceive）: Information observation and 
acquisition from others (新的事物)

分析（analysis）: Information processing and 
intelligent discrimination

识别（recognition）: Make a decision on the 
observed information for classification (label 
prediction)

统计识别是从大量先验数据中，寻找可以分类的模型或统计
规律，通过智能算法实现新样例的归类。

图像识别

Definition

𝐼𝑃𝑅,图像处理与识别



 why statistical recognition?

For humans, recognition is an easy task:

Recognize a handwritten digit, recognize a face, discriminate an object/image,

Discriminate an odorant, spoken recognition,…

However, for machines,  recognition is never easy.

Therefore, machine recognition like humans is challenging.
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 Basic terms of statistical recognition?
样例（samples or instances）: 

Patterns that we would like to classify (分类对象).

特征（feature）：
Attributes that characterize the properties of samples (表

征样本的属性).

训练集（training）: 
The data used for learning the classification model 

parameters (hypothesis，假设获取)
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Basic terms of statistical recognition?

测试集（testing）: 
The data for evaluating the obtained hypothesis（假设检

验）.

模型（model）: 
Mathematical descriptions for induction and inference (用

于归纳和推理的数学描述).

特征空间（feature space）:
The space spanned by features(特征张成的空间)
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Basic terms of statistical recognition?

决策边界（decision boundary）:  Three categories F1,F2,F3 

Linear decision              quadratic decision

决策边界即为某个线性、二次或非线性的决策函数表示
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 How do statistical recognition?

For Example: 

Fish species recognition  of see bas and salmon

(鲈鱼和三文鱼)

Three basic steps for recognition

鲈鱼 or三文鱼?

Preprocessing

Feature extraction

Classification
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常规图像处理

图像分割
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Pattern Recognition System
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Pattern Recognition System

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A Toy Example: LDA (线性判别分析)

例：设有两类样本𝐗 = 𝐱𝟏, 𝐱𝟐, ⋯ , 𝐱𝑁 ∈ ℜ𝐷×𝑁,存在一个线性变换𝐖 ∈ ℜ𝐷×𝑑，使
得经过线性变换后两类数据集线性可分。

任务：采用LDA模型计算𝐖 = argmax
𝐖

𝐖T𝐒𝐁𝐖

𝐖T𝐒𝐖𝐖
；

(a)高维空间 (b)低维空间

𝐗 = [𝐗𝟏, 𝐗𝟐]

𝐖T

𝐘 = 𝐖T𝐗 = [𝐘𝟏, 𝐘𝟐]
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Decision based Recognition

 Decision function

Let 𝐱 = 𝑥1, 𝑥2, … , 𝑥𝑛
T represent a pattern vector. For a 

problem of C classes, 𝑤1, 𝑤2, … , 𝑤𝐶, the basic problem of 
decision theory is to find C decision functions 𝑑1 𝐱 ,
𝑑2 𝐱 ,…, 𝑑𝐶 𝐱 .

𝑑𝑖 𝐱 > 𝑑𝑗 𝐱 , if 𝐱 belongs to 𝑤𝑖

The pattern class with respect to the maximum d(x) is 
the decision class of pattern x.
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Decision based Recognition

 Decision function

Generally, we use a single function as the decision 
bound of two classes,

𝑑𝑖𝑗(𝐱) = 𝑑𝑖 𝐱 − 𝑑𝑗 𝐱

Decision process:
𝑑𝑖𝑗 𝐱 > 0, if 𝐱 belongs to 𝑤𝑖

𝑑𝑖𝑗 𝐱 < 0, if 𝐱 belongs to 𝑤𝑗

The decision boundary can be represented as
𝑑𝑖𝑗 𝐱 = 0
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Template Matching

 Minimum distance classifier

Two Elements for Recognition based on Matching:

◼ Prototype pattern vector

𝐦𝑖 =
1

𝑁𝑖
෍

𝐱∈𝑤𝑖

𝐱𝑖 , 𝑖 = 1,2, … , 𝐶

◼ Distance metric
𝐷𝑖 𝐱 = 𝐱 −𝐦𝑖

2, 𝑖 = 1,2, … , 𝐶

◼ Distance minimum criterion
𝑤(𝑥) = argmin

𝑖
𝐷𝑖 𝐱 , 𝑖 = 1,2, … , 𝐶
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Template Matching

 What is the relation between minimum distance 
classifier and decision function?

Recall the distance

𝐷𝑖 𝐱 = 𝐱 −𝐦𝑖
2 = 𝐱T𝐱 − 2𝐱T𝐦𝑖 +𝐦𝑖

T𝐦𝑖

Select the minimum distance is equivalent to select the 
maximum value of the following decision function

𝑑𝑖 𝐱 = 𝐱T𝐦𝑖 −
1

2
𝐦𝑖

T𝐦𝑖

The class with respect to the maximum 𝑑𝑖 𝐱 is the class 
of x.
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Template Matching

 Decision bound of the minimum distance classifier

𝑑𝑖𝑗 𝐱 = 𝑑𝑖 𝐱 − 𝑑𝑗 𝐱

= 𝐱T𝐦𝑖 −
1

2
𝐦𝑖

T𝐦𝑖 − 𝐱T𝐦𝑗 −
1

2
𝐦𝑗

T𝐦𝑗

= 𝐱T 𝐦𝑖 −𝐦𝑗 −
1

2
(𝐦𝑖 −𝐦𝑗)

T (𝐦𝑖 +𝐦𝑗)
T

The decision bound

Let 𝑑𝑖𝑗 𝐱 = 0, i.e.

𝐱T 𝐦𝑖 −𝐦𝑗 −
1

2
𝐦𝑖 −𝐦𝑗

T
𝐦𝑖 +𝐦𝑗

T
= 0
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Template Matching
 Example of minimum distance classifier
There are two classes 𝑤1, 𝑤2. Their mean vector are 

𝐦1 = 4.3,1.3 T,𝐦2 = 1.5,0.3 T

Given a pattern vector 𝐱 = 𝑥1, 𝑥2
T, then how to determine its 

decision function and decision bound?
Decision function:

𝑑1 𝐱 = 𝐱T𝐦1 −
1

2
𝐦1

T𝐦1 = 4.3𝑥1 + 1.3𝑥2 − 10.1

𝑑2 𝐱 = 𝐱T𝐦2 −
1

2
𝐦2

T𝐦2 = 1.5𝑥1 + 0.3𝑥2 − 1.17

The decision bound
Let 𝑑12 𝐱 = 0, i.e.

𝑑12 𝐱 = 𝑑1 𝐱 − 𝑑2 𝐱

= 𝐱T 𝐦1 −𝐦2 −
1

2
𝐦1 −𝐦2

T 𝐦1 +𝐦2
T

= 2.8𝑥1 + 1.0𝑥2 − 8.9 = 0
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Template Matching

 Example of minimum distance classifier

Given some patterns 𝐱 = 2,−1 T, 𝐱 = 1,−3 T, 𝐱 =
5,6 T, 𝐱 = 6,5 T, 𝐱 = 5,4 T, classify them.

0 1 2 3 4 5 6 7
-15

-10

-5

0

5

10

x
1

x 2

2.8x
1
+1.0x

2
-8.9=0
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The Optimal Statistical Classifier

 Optimal statistical classifier
A recognition method based on probability.
Given a pattern x, the probability of x belongs to 𝑤𝑖 is 

𝑝(𝑤𝑖|𝐱)

Loss: 𝐿𝑖𝑗; if the pattern comes from 𝑤𝑖, but classified as 𝑤𝑗.

Average loss: a pattern x can be classified as any class of the
total C classes. The average loss 𝑟𝑗 𝑥 that x is (wrongly)
classified as 𝑤𝑗 is represented as

𝑟𝑗 𝑥 = ෍

𝑘=1

𝐶

𝐿𝑘𝑗𝑝(𝑤𝑘|𝐱) , 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑎𝑙 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 𝑟𝑖𝑠𝑘
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The Optimal Statistical Classifier

 Optimal statistical classifier

Bayesian formula

𝑝 𝐴 𝐵 =
𝑝 𝐴 𝑝(𝐵|𝐴)

𝑝(𝐵)

There is

𝑟𝑗 𝐱 = ෍

𝑘=1

𝐶

𝐿𝑘𝑗𝑝(𝑤𝑘|𝐱) = ෍

𝑘=1

𝐶

𝐿𝑘𝑗
𝑝 𝐱 𝑤𝑘 𝑃(𝑤𝑘)

𝑝(𝐱)

∀𝑤𝑘 , 𝑘 = 1,… , 𝐶, 𝑝 𝐱 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒, therefore,

𝑟𝑗 𝐱 = ෍

𝑘=1

𝐶

𝐿𝑘𝑗𝑝 𝐱 𝑤𝑘 𝑃(𝑤𝑘)
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The Optimal Statistical Classifier

 Optimal statistical classifier

𝑟𝑗 𝐱 = ෍

𝑘=1

𝐶

𝐿𝑘𝑗𝑝 𝐱 𝑤𝑘 𝑃(𝑤𝑘)

where 𝑝 𝐱 𝑤𝑘 is the p.d.f. of x from class 𝑤𝑘, 𝑃(𝑤𝑘) is the 
probability that class 𝑤𝑘 happens.

𝑟𝑗 𝐱 is the average loss that x is classified as 𝑤𝑗. 

If there is

𝑟𝑖 𝐱 = ෍

𝑘=1

𝐶

𝐿𝑘𝑖𝑝 𝐱 𝑤𝑘 𝑃(𝑤𝑘) < 𝑟𝑗 𝐱 = ෍

𝑘=1

𝐶

𝐿𝑘𝑗𝑝 𝐱 𝑤𝑘 𝑃(𝑤𝑘)

Then x belongs to 𝑤𝑖
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The Optimal Statistical Classifier
 Optimal statistical classifier

Generally, the loss Lij is imposed to be 0 if correctly classified, and 1, 
otherwise. (0-1损失). Then,

𝐿𝑖𝑗 = 1 − 𝛿𝑖𝑗

𝛿𝑖𝑗 = ቊ
1, 𝑖 = 𝑗
0, 𝑖 ≠ 𝑗

𝑟𝑗 𝐱 = ෍

𝑘=1

𝐶

𝐿𝑘𝑗𝑝 𝐱 𝑤𝑘 𝑃(𝑤𝑘) = ෍

𝑘=1

𝐶

(1 − 𝛿𝑘𝑗)𝑝 𝐱 𝑤𝑘 𝑃(𝑤𝑘)

= 𝑃 𝐱 − 𝑝 𝐱 𝑤𝑗 𝑃(𝑤𝑗)

We know that x belongs to 𝑤𝑖, if 𝑟𝑖 𝐱 < 𝑟𝑗 𝐱 , there is

𝑃 𝐱 − 𝑝 𝐱 𝑤𝑖 𝑃 𝑤𝑖 < 𝑃 𝐱 − 𝑝 𝐱 𝑤𝑗 𝑃(𝑤𝑗)

𝑝 𝐱 𝑤𝑖 𝑃 𝑤𝑖 > 𝑝 𝐱 𝑤𝑗 𝑃 𝑤𝑗
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The Optimal Statistical Classifier

The decision function of x  

𝑑𝑗 𝑥 = 𝑝 𝐱 𝑤𝑗 𝑃(𝑤𝑗)

For a Bayesian classifier, it computes the decision function.

if 𝑑𝑖 𝑥 > 𝑑𝑗 𝑥 , then x belongs to 𝑤𝑖

The p.d.f. 𝑝 𝐱 𝑤𝑗 of x belongs to 𝑤𝑗 and the probability 
𝑃(𝑤𝑗) should be known.

𝑃 𝑤𝑗 =
1

𝐶
𝑝 𝐱 𝑤𝑗 is often supposed to be Gaussian function. 

Bayesian classifier shows the minimum loss if the assumption 
is approaching the actual case. 
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The Optimal Statistical Classifier

 Example: one dimension (Gaussian)

Suppose there are 2 classes (𝑤1, 𝑤2) based on Gaussian
distribution, with mean value 𝑚1 and 𝑚2 , standard
variance 𝜎1 and 𝜎2.

Bayesian decision function

𝑑𝑗 𝑥 = 𝑝 𝑥 𝑤𝑗 𝑃 𝑤𝑗 =
1

2𝜋𝜎𝑗
2

𝑒
−

𝑥−𝑚𝑗
2

2𝜎𝑗
2

𝑃 𝑤𝑗 , 𝑗 = 1,2
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The Optimal Statistical Classifier
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The Optimal Statistical Classifier

 Example: N-dimension (Gaussian)

Suppose there are C classes (𝑤1, 𝑤2, … , 𝑤𝑐 ) based on Gaussian
distribution, with mean vector

𝐦𝑗 = 𝐸𝑗 𝐱 =
1

𝑁𝑗
෍

𝐱∈𝑤𝑗

𝐱

Covariance matrix

𝚺𝑗 = 𝐸𝑗 𝐱 −𝐦𝑗 (𝐱 −𝐦𝑗)
T =

1

𝑁𝑗
෍

𝐱∈𝑤𝑗

𝐱𝐱T −𝐦𝑗𝐦𝑗
T

Bayesian decision function

𝑑𝑗 𝐱 = 𝑝 𝐱 𝑤𝑗 𝑃 𝑤𝑗 =
1

(2𝜋) Τ𝑛 2 𝚺𝑗
Τ1 2
𝑒−

1
2 𝐱−𝐦𝑗

T
𝚺𝑗
−1(𝐱−𝐦𝑗)𝑃 𝑤𝑗
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The Optimal Statistical Classifier

 Example: N-dimension (Gaussian)

Bayesian decision function

𝑑𝑗 𝐱 = 𝑝 𝐱 𝑤𝑗 𝑃 𝑤𝑗

=
1

(2𝜋) Τ𝑛 2 𝚺𝑗
Τ1 2
𝑒−

1
2
𝐱−𝐦𝑗

T
𝚺𝑗
−1(𝐱−𝐦𝑗)𝑃 𝑤𝑗

Due to the exponent form of Gaussian function

The natural logarithm is often used

ln 𝑑𝑗 𝐱 = ln 𝑝 𝐱 𝑤𝑗 𝑃 𝑤𝑗 = ln 𝑝 𝐱 𝑤𝑗 + ln𝑃 𝑤𝑗

= −
𝑛

2
ln 2𝜋 −

1

2
ln 𝚺𝑗 −

1

2
𝐱 −𝐦𝑗

T
𝚺𝑗
−1 𝐱 −𝐦𝑗 + ln𝑃 𝑤𝑗
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The Optimal Statistical Classifier

 Example: N-dimension (Gaussian)

Bayesian decision function

𝑑𝑗 𝐱 = ln𝑃 𝑤𝑗 −
1

2
ln 𝚺𝑗 −

1

2
𝐱 −𝐦𝑗

T
𝚺𝑗
−1 𝐱 −𝐦𝑗

If the covariance matrix 𝚺𝑗 is the same for all classes,

𝑑𝑗 𝐱 = ln𝑃 𝑤𝑗 −𝐱T𝚺𝑗
−1𝐦𝑗 −

1

2
𝐦𝑗

T𝚺𝑗
−1𝐦𝑗

If covariance matrix 𝚺𝑗 = 𝐈, and 𝑃 𝑤𝑗 =
1

𝐶
,

𝑑𝑗 𝐱 = 𝐱T𝐦𝑗 −
1

2
𝐦𝑗

T𝐦𝑗

图像识别
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Linear Decision Function

For a n-dim problem, 𝐱 = [𝑥1, 𝑥2, … , 𝑥𝑛]
T, the linear 

decision function is 

𝑑 𝑥 =෍

𝑖=1

𝑛

𝑤𝑖𝑥𝑖 + 𝑏

where 𝑤𝑖 is the weight imposed on 𝑥𝑖.

𝑑 𝐱 is the final output with a summation (activate).

𝑑 𝑥 > 0, 𝐱 ∈ +1
𝑑 𝑥 < 0, 𝐱 ∈ −1

The decision boundary is 
𝑑 𝑥 = 0 → 𝑤1𝑥1 +𝑤2𝑥2 +𝑤3𝑥3 +⋯+𝑤𝑛𝑥𝑛 + 𝑏 = 0

图像识别

𝐼𝑃𝑅,图像处理与识别



Linear Decision Function

𝑤1𝑥1 +𝑤2𝑥2 +𝑤3𝑥3 +⋯+𝑤𝑛𝑥𝑛 + 𝑏 = 0
is a hyperplane in n-dimensional pattern space.

The final b is called bias, which is proportional to
the orthogonal distance between the origin O and
the hyperplane.
If 𝑏 = 0, the hyperplane is through the origin

𝑦 = ቊ
1, 𝑑 𝑥 > 0
−1, 𝑑 𝑥 < 0

∞𝑦 = 𝑠𝑔𝑛 𝑑 𝑥

𝑦 = ቊ
1, σ𝑖=1

𝑛 𝑤𝑖𝑥𝑖 > −𝑏

−1,σ𝑖=1
𝑛 𝑤𝑖𝑥𝑖 < −𝑏

图像识别
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Linear Decision Function

 Perception

Σ

𝑥1
𝑥2

𝑥𝑛

1

𝑤1

𝑤2

𝑤𝑛

𝑏

+1

−1

Activation

y
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Linear Decision Function

 Perception

Σ

𝑥1
𝑥2

𝑥𝑛

𝑤1

𝑤2

𝑤𝑛

−𝑏

+1

−1

Activation

y

图像识别
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Linear Decision Function

 Perception

Parameter Training

𝑑 𝐱 =෍

𝑖=1

𝑛

𝑤𝑖𝑥𝑖 + 𝑏 = 𝐰T𝐱 + 𝑏 (raw)

By extending the pattern vector 𝐱 = [𝑥1, 𝑥2, … , 𝑥𝑛]
T into 

𝐱 = [𝑥1, 𝑥2, … , 𝑥𝑛, 1]
T , let 𝑤𝑛+1 = 𝑏, there is

𝑑 𝐱 = ෍

𝑖=1

𝑛+1

𝑤𝑖𝑥𝑖 = 𝐰T𝐱 (modified)

where 𝐰 = [𝑤1, 𝑤2, … , 𝑤𝑛, 𝑤𝑛+1]
𝑇.

图像识别

𝐼𝑃𝑅,图像处理与识别



Linear Decision Function

 Perception

Training Algorithm

Let 𝐰(1) be the initial weight vector. 

The k-th iteration: 

➢ if x(k) belongs to “+1”class, but 
𝐰 𝑘 T𝐱 𝑘 ≤ 0

update 𝐰 𝑘 + 1 = 𝐰 𝑘 + 𝛿 ∙ 𝐱(𝑘),𝛿 > 0

➢ if x(k) belongs to “-1”class, but
𝐰 𝑘 T𝐱 𝑘 ≥ 0

update 𝐰 𝑘 + 1 = 𝐰 𝑘 − 𝛿 ∙ 𝐱(𝑘),𝛿 > 0

➢ else 𝐰 𝑘 + 1 = 𝐰 𝑘 , keep unchanged.

图像识别
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Linear Decision Function

 Perception

 Example
+1: 𝑥 1 = 0,0 𝑇 , 𝑥 2 = 0,1 𝑇

−1: 𝑥 3 = 1,0 𝑇 , 𝑥 4 = 1,1 𝑇

Extend by add “1”: 
+1: 𝑥 1 = 0,0,1 𝑇 , 𝑥 2 = 0,1,1 𝑇

−1: 𝑥 3 = 1,0,1 𝑇 , 𝑥 4 = 1,1,1 𝑇

Let 𝛿 = 1, 𝐰 1 = 0,0,0 𝑇, update w?

Training:

The 1st iteration:

𝐰 1 T𝐱 1 = 0,0,0
0
0
1

= 0

𝐰 2 = 𝐰 1 + 1 ∙ 𝐱 1 = 0,0,1 𝑇

图像识别
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Linear Decision Function

 Perception

 Example
+1: 𝑥 1 = 0,0 𝑇 , 𝑥 2 = 0,1 𝑇

−1: 𝑥 3 = 1,0 𝑇 , 𝑥 4 = 1,1 𝑇

Extend by add “1”: 
+1: 𝑥 1 = 0,0,1 𝑇 , 𝑥 2 = 0,1,1 𝑇

−1: 𝑥 3 = 1,0,1 𝑇 , 𝑥 4 = 1,1,1 𝑇

Let 𝛿 = 1, 𝐰 1 = 0,0,0 𝑇, update w?

Training:

The 2nd iteration:

𝐰 2 T𝐱 2 = 0,0,1
0
1
1

= 1 > 0

𝐰 3 = 𝐰 2 = 0,0,1 𝑇 , keep unchanged
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Linear Decision Function

 Perception

 Example
+1: 𝑥 1 = 0,0 𝑇 , 𝑥 2 = 0,1 𝑇

−1: 𝑥 3 = 1,0 𝑇 , 𝑥 4 = 1,1 𝑇

Extend by add “1”: 
+1: 𝑥 1 = 0,0,1 𝑇 , 𝑥 2 = 0,1,1 𝑇

−1: 𝑥 3 = 1,0,1 𝑇 , 𝑥 4 = 1,1,1 𝑇

Let 𝛿 = 1, 𝐰 1 = 0,0,0 𝑇, update w?

Training:

The 3rd iteration:

𝐰 3 T𝐱 3 = 0,0,1
1
0
1

= 1 > 0

𝐰 4 = 𝐰 3 − 𝐱 3 = [−1 0 0]T
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Linear Decision Function

 Perception

 Example
+1: 𝑥 1 = 0,0 𝑇 , 𝑥 2 = 0,1 𝑇

−1: 𝑥 3 = 1,0 𝑇 , 𝑥 4 = 1,1 𝑇

Extend by add “1”: 
+1: 𝑥 1 = 0,0,1 𝑇 , 𝑥 2 = 0,1,1 𝑇

−1: 𝑥 3 = 1,0,1 𝑇 , 𝑥 4 = 1,1,1 𝑇

Let 𝛿 = 1, 𝐰 1 = 0,0,0 𝑇, update w?

Training:

The 4th iteration:

𝐰 4 T𝐱 4 = −1,0,0
1
1
1

= −1 < 0

𝐰 5 = 𝐰 4 = [−1 0 0]T
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Linear Decision Function

 Perception

Example
+1: 𝑥 1 = 0,0 𝑇, 𝑥 2 = 0,1 𝑇

−1: 𝑥 3 = 1,0 𝑇, 𝑥 4 = 1,1 𝑇

Extend by add “1”: 
+1: 𝑥 1 = 0,0,1 𝑇, 𝑥 2 = 0,1,1 𝑇

−1: 𝑥 3 = 1,0,1 𝑇, 𝑥 4 = 1,1,1 𝑇

Let 𝛿 = 1, 𝐰 1 = 0,0,0 𝑇, update w?

Training:

The t iteration:
𝐰 𝑡 T𝐱 𝑡 =?

图像识别
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Linear Decision Function

 Perception

Widrow-Hoff or LMS Training Algorithm (最小均方)

The objective function

𝐽 𝑤 =
1

2
𝑟 − 𝐰T𝐱

2

where r is the expected output, r=+1/-1

The objective is to find the minimum J(w), by using 
gradient descent.

The gradient of J(w) w.r.t. w is
𝜕 𝐽(𝑤)

𝜕 𝑤
= − 𝑟 −𝐰T𝐱 𝐱
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Linear Decision Function

 Perception

Widrow-Hoff or LMS Training Algorithm

The weights adjustment

𝐰 𝑘 + 1 = 𝐰 𝑘 − 𝛿
𝜕 𝐽 𝐰

𝜕 𝐰
𝐰=𝐰 𝑘

, 𝛿 > 0

= 𝐰 𝑘 + 𝛿 𝑟 𝑘 −𝐰𝑇 𝑘 𝐱 𝑘 𝐱(𝑘)

For iteration, w(1) is randomly generated.

The increment (delta) of weights is
∆𝐰 = 𝐰 𝑘 + 1 −𝐰 𝑘 = 𝛿 ∙ 𝐞 𝑘 𝐱(𝑘)

where 𝐞 𝑘 = 𝑟 𝑘 − 𝐰𝑇 𝑘 𝐱 𝑘
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Linear Decision Function

 Perception

Widrow-Hoff or LMS Training Algorithm

When w(k) is updated into w(k+1), the delta of error
∆𝐞 = 𝑒 𝑘 + 1 − 𝑒 𝑘
= 𝑟 𝑘 −𝐰𝑇 𝑘 + 1 𝐱 𝑘 − 𝑟 𝑘 − 𝐰𝑇 𝑘 𝐱 𝑘
= − 𝐰𝑇 𝑘 + 1 −𝐰𝑇 𝑘 𝐱 𝑘 = −∆𝐰T𝐱(𝑘)

Substitute ∆𝐰 = 𝛿 ∙ 𝐞 𝑘 𝐱(𝑘) into ∆𝐞,
∆𝐞 = −𝛿 ∙ 𝐞 𝑘 𝐱(𝑘) 2

𝛿 is the learning rate, and important for convergence 
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